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déjà contenue dans un pli cacheté déposé à la fin de 1747 et aujourd’hui perdu ; il n’aurait
donc manqué à d’Alembert que d’appliquer numériquement sa méthode pour faire la même
découverte que Clairaut. Il en retire une amertume qui s’exprimera dix ans plus tard dans
le tome 9 de l’Encyclopédie (le volume parâıt en 1765 mais l’article est rédigé en 1759) : “Je
ne dois pas oublier d’ajouter 1o. que ma méthode pour déterminer le mouvement de l’apogée,
est très-élégante & très-simple, n’ayant besoin d’aucune intégration, & ne demandant que
la simple inspection des coefficients du second terme de l’équation différentielle ; 2o. que
j’ai démontré le premier par une méthode rigoureuse, ce que personne n’avoit encore fait,
& n’a même fait jusqu’ici, que l’équation de l’orbite lunaire ne devoit point contenir d’arcs
de cercle ; si on ajoute à cela la maniere simple & facile dont je parviens à l’équation
différentielle de l’orbite lunaire, sans avoir besoin pour cela, comme d’autres géometres,
de transformations & d’intégrations multipliées ; & le détail que j’ai donné ci-dessus de
mes travaux & de ceux des autres géometres, on conviendra, ce me semble, que j’ai eu plus
de part à la théorie de la lune que certains mathématiciens n’avoient voulu le faire croire.
Je ne dois pas non plus passer sous silence la manière élégante dont M. Euler intègre
l’équation de l’orbite lunaire ; méthode plus simple & plus facile que celle de M. Clairaut
& que la mienne ; & cette observation jointe à ce que j’ai dit plus haut des travaux de
ce grand géometre, par rapport à la lune, suffira pour faire voir qu’il a aussi travaillé très
utilement à cette théorie, quoiqu’on ait aussi cherché à le mettre à l’écart autant qu’on a
pû. L’Encyclopédie faite pour transmettre à la postérité l’histoire des découvertes de notre
siecle, doit par cette raison rendre justice à tout le monde ; & c’est ce que nous croyons
avoir fait dans cet article. Comme ce manuscrit est prêt à sortir de nos mains pour n’y
rentrer peut-être jamais, nous ajouterons par la suite dans les supplémens de l’Encyclopédie
ce qui aura été ajouté à la théorie de la lune, depuis le mois de Novembre 1759, où nous
écrivons cet article.”
Pour calculer l’avance de l’apogée, d’Alembert commence par utiliser la formule approchée
de u(z) que nous avons donnée plus haut. En annulant la dérivée de u par rapport à z
et en utilisant le fait qu’en une apogée zap, le nombre réel Nzap est proche d’un multiple
entier de 2π, il trouve l’équation approchée

sin(Nzap) ∼
1
9

sin(2zap − 2nzap).

Il obtient ainsi une avance moyenne de l’apogée de 1o30′ modulée par une “équation”
périodique d’une amplitude de 6o20′ qui est l’angle dont le sinus vaut 1/9. Il constate alors
que les Principia donnent le double pour la valeur observée de l’avance moyenne mais aussi
pour l’équation, avec de plus dans ce cas une différence de signe. La discussion de ce qu’il
en est vraiment de l’“équation” est délicate et je renvoie aux notes 89 et 106 de Madame
Chapront-Touzé pour une discussion complète. Disons seulement que d’Alembert calcule
l’apogée de l’orbite de la Lune (en projection sur l’écliptique) alors que Newton étudie les
mouvements “séculaires” d’une ellipse approchée. Les 6o20′ de d’Alembert correspondent
en gros à l’addition de deux “inégalités” :
– d’une part l’équation semestre de Newton dont l’amplitude (observée et non calculée
par Newton) est de 12o18′ (ramené aujourd’hui à 9o39′) et le signe opposé à celui de
d’Alembert ; c’est une inégalité de type “séculaire”, faisant intervenir un angle à longue
période, l’angle du Soleil avec l’apogée de la Lune ;
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Sergei Yakovenko's blog: on Math and
Teaching
Saturday, June 12, 2010

Vladimir Igorevich Arnold: the sad birthday…

Filed under: Analytic ODE course — Sergei Yakovenko @ 3:12
Tags: Arnold, in memoriam

Today, June 12, 2010, Vladimir
Igorevich Arnold, or VIA, as we
used to abbreviate his name
between ourselves in writing,
should have turned 73. Today, as
many times on this day in the past
years, I should have been writing a
short informal  “Happy Birthday”
email that never was acknowledged
– VIA was not known for wasting
time on polite conversations, – yet I
knew he would have read it. If I
were in Paris, I would call and drop
by, – as all of his students would
do.

Instead, today we are waiting for
our Teacher to be laid to rest: the
funeral in Moscow is scheduled for
June 15. VIA died of foudroyant
pancreatitis on June 3, 2010.

The mere thought of Arnold being
ill contradicts his personality as we
remember him. All his life VIA
projected strength, confidence,
perfection, beauty, elegance. He
was all motion, all burst. I
remember him teaching  the
second-year class on Ordinary Differential Equations in the huge hall 16-24 in the Moscow
University main building. At the beginning of each class he rushed in, with his trademark briefcase
with the last soundbite of the bell,  starting the first phrase of the lecture while still 3-4 meters from
the blackboard. In a fraction of second his briefcase was thrown on the table, a piece of chalk
appeared in his hand, and when the first phrase was completed, we already saw a carefully drawn
picture on the blackboard and a few formulas written in his calligraphic handwriting near it. His
lectures were practically impossible to write down, as impossible it is to record by a cell-phone  a
superb performance of your favorite music.  Besides, it was very difficult to record the insight: as
Arnold speaks, draws, writes, you suddenly see how different things are getting connected and the
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New Aspects in the Theory of Stability 
of Hamiltonian Systems * 

J U R G E N  MOSER 

1. Introduction 

The recent development of accelerators has led to many new questions 
concerning the stability of orbits governed by ordinary differential equations; 
a mathematical theory had to be developed to account for, and to predict, 
the observed behavior of particle beams in the magnetic fields of these 
various synchrotrons. Without discussing the physical motivation we shall 
attempt in this paper the mathematical analysis of the pertinent questions 
in such a theory and point out some open problems. 

The important feature of this theory is the fact that the differential 
equations considered are derived from a variational principle and therefore 
can be written in the Hamiltonian form. In physical terms this means that 
the influence of friction is being neglected. Thus an algebraic situation 
arises which makes the conventional stability theory-as developed mainly 
by Liapounoff -inapplicable and necessitates a new approach. 

In the following introduction we shall state the problems and discuss 
the results whose proofs will be furnished in the later sections. 

-4 ) Linear Systems 

tions of the form 
a )  Linear ProbEem in General. Consider a system of differential equa- 

(1.1) 

where x denotes a real m-vector and A ( t )  a real m by m matrix. The elements 
of A ( t )  are assumed to be continuous functions of t and periodic with the 
same period which we normalize to 2n. The well-known Floquet theory 
describes the general nature of the solutions of such a system. 

The definition of stability of a linear system should be adapted to  the 
kind of application considered. Here we will call the linear system (1 .1 )  
~ 

*This paper represents results obtained at the Institute of Mathematical Sciences, 
New York University, under the sponsorship of the Office of Naval Research, Contract 
N60ri-201, T.O. 1. 
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Triple Collision 
in the Collinear Three-Body Problem* 

Richard  McGehee  (Minneapolis)  

1. Introduction 
Consider  n point masses moving  in k-dimensional  space according to 

the laws of classical mechanics.  If particle i has mass m~ > 0  and position 
q ~ R  k, then the negative potential  energy is given by 

mirn~ 11.1) U= ,< j.~. llq,_qjl[ , 

where II II denotes the Euclidean norm in R k. The mot ion of the particles 
is described by the system of differential equat ions 

migti=Vq U, i = 1 , 2  . . . . .  n, (1.2) 

where Vq, U is the gradient  of U with respect to qi. 
A posit ion (qt . . . . .  q,) of the particles will be called a collision if 

qi=qj for some i=l=j. The above system of equat ions is defined every- 
where except at collisions. Suppose we are given the position and 
m o m e n t u m  of the particles at t ime t = 0 .  If we do not start  at a colli- 
sion, then the s tandard theorems of differential equations assure the 
existence and uniqueness of a solution of Eqs. (1.2) on some maximal  
interval [0, t*). If t* < oo, then the solution is said to experience a singu- 
larity at t*. 

The behavior  of a solution as it approaches  a singularity is not fully 
unders tood,  but  some of the possibilities are known.  If  all of the particles 
approach  a limiting posit ion as t - -  t*, it is not  difficult to show that  the 
limiting posit ion must be a collision [12, 17]. The singularity is then said 
to be due to collision and the solution is said to end in collision. If m 
of the particles coincide while the rest have distinct positions, then the 
collision is called an m-tuple collision. It is unknown whether  there are 
singularities not  due to collision. 

* Supported by NSF Grant GP-38955. 
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Appendice 2. La note aux C.R.A.S. de Poincaré (30 novembre 1896).
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