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420 MENSURATION

Book II gives the mensuration of certain sohd figur,
finding the solid content of a cone, a cylinder, a parallel
piped, a prism, a pyramid, a frustum of a pyramui an
of a cone, a sphere and a segment thereof, a spire or¢

- (anchor-ring), the two special solids measured in Arch
medes’ Method, and the five regular solids. -

Book III deals with the division of figures into p&
having given ratios to one another, first plane figures, th
solids, namely a pyramid, a cone and a frustum ti
a sphere.

Among the cases of triangles in Boek I the me@st ¥
esting is that of the scalene tmmglie (acute: angled
obtuse angled) in which the lengths of the three smk af
given. This problem is solved in two ways. =

(1) A perpendicular is drawn from a vertex (A) _
opposite side (BC), and the theorems of Eucl. II. 12
13 are used in order to find the lengths of the segmen'
into which BC is divided by the perpendlcular AD. +The
length of the perpendmula,r itself is then deduced-f n
the area (=3}4D.BC) is thus found. :

(2) The second method is to use the formula which'w
write as '
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shence; by. addltlon

| ‘ = " p.0D =2AABC,
here P is the p@mmzeter

Prodﬁoe C’B b@ E se tha,b BH AF.
Then smee AE’ A,F ‘BF =BD, and CE =CD, we
A——-«/{s(s—a)(s-b)(s——c)}, -

where s is half the sum of the sides a, b, c and Heron,; i
an admirable proof of the formula by pure geomeb_ Y.
follows. '

~ Let the sides of the triangle 4BC be given in I gth
Inscribe the circle DEF, and let O be its centre.

Th BC.0D =2ABOC,
e : since- e&ch of the angles 0L, C’BL isa rlght a,ngle )
CA.0F =2A004, & qlladrﬂateral in a circle.

AB.0OF =20 AOB; | - | Therefors L' COB+£CLB =2R.

":s t:i:ﬁe sslde of the product CH®.0D?,
/ (C’H ﬁ:OD?), s
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But £ COB+£ AOF = 2R, because 40, BO, CO biseet
the angles round O, and the angles COB, AOF are toget:
equal to the angles AOG BOF; while the sum of alt {
angles is equal to 4 R. ;

Therefore L AOF £ CLB.
Accordingly, the nghtna,ngled tmang}s@s AQF C’LB are

similar;

' HERON OF ALEXANDRIA 423

sqmm number. 4o it, so that 4 =¢*+b, Heron’s rule
: am@m@s to s@ymg tha.t a first approximation («,) to v/4 is

%(a—%— ) e

Hﬁ s&y@ iwther that a second approximation can be found
bt :ﬁmmg for @ in the above formula the first ap-

2k

imation o ; thus

therefore BC:BL=AF:FO. A |
Xy == +—3 . . . . . . (2
—BH:0D, % %("‘ﬁal) &
and, alternately, CB:BH = BL:0D Hemn does not himself seem to make amy direct use of
- —BK:KD: the’ formula for a second approximation ; but the method

is genera.l and by continuing the process indefinitely we
‘can find any number of successive approximations.

" If 'we substitute in (1) the value a?+b for 4, we obtain
he ‘wel lawwn f@rmula

whence, componendo, CH : HB = BD : DK.
It follows that
CH*:CH.HB=BD.DC:CD. DK .
=BD.DC : OD?, since £ COK is nghb
Therefore (AABC)? =CH?.0D? (from above)
=CH.HB.BD.DC
=s(s—a)(s—b)(s—c).

The proposition itself, as we have seen (p 340), 41

attributed to Archimedes. L
The chapter (8) containing the above proof is otharw"»

of bhe hlghest interest b@c&use lt: expl&ms - method

)
. : 2a’
Exa gples in the Memca are the following:

(1):4/720.  Since ‘729 (=2%) is the nearest square to
720, the ﬁrsb apprmmamen to /720 is
Coy =H(STHR) = 1(27+267) = 26} ]

(2) \/ 63, says E@mn, is nearly 7514 4%, whmh he would
early -obtain thus :: '

T oy =8 "f“’%? =4(B+7) ="41{ 4

_ Heron has occa.si@nt@ make many such approximations,

lly in his mensuration of the regular polygons. In
the ease @i the eqm@%@r@l triangle he proves that the area
A is given by A? =364/16. In the particular case taken
s =10, 80 that A =4/18756 = 431, nearly. Sometimes a
well-known approximation to \/ 3 is used, as when, in-

a1~a+

method on record, and zt enables us to undersba@d h@,
Archimedes may have arrived at the approximations
v/3 which he merely states without any explan
(cf. pp. 309~10 above). ~

If 4 is a non-square number, and a? is the neares
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METRIC SPACES AND POSITIVE DEFINITE
FUNCTIONGS*
BY
I J. SCHOENBERG
e o e e e
3" Condifions for isoretric imbedding in Hilbert space in terms of positive
d eﬁ_ni_t'e_ fg;ictiQQS- It ,‘“"-?«5‘ ppin_ﬁéd out by KMcnger and by the author (for
references sée [10]) that a necessary and sufficient condition that a separable
 space & be imbeddable ih § is that for any n+1 points of &, (n22), we have
' O E (W’ 4+ aP;-z - P,-sz)p‘-pk = 0,
ddwd : '
for arbitrary real pi.* Let us now put this condition in a slightly more sym-
metrical form. By summing over the three terms separately, we may write
1his as ‘ . e
. "& ol W L “ gy N
' 2E Pr* E P@»Pk?mg fand Z PiPyppr 2 0,

{ __ *Thiswas proved for the case when f:'isl_é separable semi-melric space; that is, when the metric
Zf' sa__-tjgfaes the additional condition (3) PP'>0 if Ps¢P’, whereas we postulated only that (1)
PP'=FPz0, (1) PP=0. However, our quadratic inequality, for n=2, insures the triangle in-
cquality ﬁé%@k%?ﬁ for any three points of €. 1 we now identify with P all points Q such that
F}?@ Q\\v%ﬁf@%hy Is mow a}:};@w@d,_ since PO =0 i*;mpﬁiiia-s xﬁ@ for any R, on account of 1hc_ triangle

' ‘ imequality) and do this for 21} peints of 2, we get & mew space which is not only semi-metric but even
metyic, '

52‘6 I, J. SCHOENBERG ' [November
and if we set po= —2 yps, this Jast incquality is equivalent to
4G5 P e L ey ™~
— po PolPo’ — 22 PoPilpopr — Z PiPlpipy 2 0,
v 0 1 '
or, finally, |
. — -
(%) 2. PiPipipr £ 0.
ik :

Hence the inequality (3), as a consequence of the relation

(6) i Pi = 0,

faf

is equivalent to the abov

r n

¢ stated condition of imbeddability.

b mesas e simm 21 % ® i




D'o& Fleut o3 ?
", gy O - i
Aual des dispasihons ? = R/(‘f,o-ﬂ)k
[ nouphs sn R & Frouglabion preg |
v-léﬂ) Q" ...’2“) A’ (h\"'" --',*ufx;

N Duslitd  Z . D —'*“712
@u“w’\). (k\)”'ix\)).—) {?; r I

“0

L {;; (r:+ot)




/\%\4

VOLUN‘:

ner Fies

L[/z")*; 02‘4 A f\«
|

Ale,






s



§¢ o

L'chdm ofp‘ss'(uz g Coanwme  cpnerhe c'ufr.;.;o'{..

e

dun eSh’ Ay conpt | dv @ ! de Rupace
B XX

TNVARANT S XoxRX. COVARIANT
BLXRRY = B \ 1= RTR




Et ¢ Les Cofps Aevieuveut Celeshes - - -
- U= F gpk =U®

eolewe : LeS pt a‘..h?uos d4 ]

- lISo{puh'dc ( B)
| s 2 coufipunbian” adubsur s

eu didien co ﬂ:s ¢ (. nu)

“<g



;,ﬁg (Reb+ih € $2ca - ot~ e )

\i@+

- “_"f—_;”ii_‘,“‘s““ "
\a \

cshe

oo

W

:‘, «, . N CA ::.i |

o =T- 2 (ngmgad g, bk, ) YA _
TR S NS T

- -




(Un (2 2%%)

r (uhefh ) wu.
Gywetrie ‘

( ddeoss (fan aw"m 2 Res




Tourwer faug fo‘f'ah'w g Gy
7TV L\m}' AFonbe fn .fe,: Paﬂ‘q .

ianges A}, R
Aauns R" -
ol eul

1']?:: |q&
otahiens

Forwes da.
icu‘h( cﬁekhf -




des 3 corps (et

3 Une solo hon du pb- n
s d 3“"'-'/’ cv‘g f%h&‘ﬂst DG

didy) g poréde ¢ 1
é“- L' ‘gﬂa“ %@S #ﬂ@u‘fgg .

t=2T= T/6~ (E2)

- A
- =N
-
-

-V, t=0(B)

iQiC e R Il lennansy | A o Gg Mot 452 Cl-@s@) A. D8 S~ A . v T





