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ASTROCHRONOLOGY

Abstract: The long term variations of the orbital and rota-
tional parameters of the Earth are the key ingredients for the
insolation forcing in Milankovitch theory. This chapter de-
scribes the main aspects of these variations, concentrating on
the aspects that are currently recovered in the stratigraphic
record. A special emphasis is given to the very long periodic
terms (> 1 Myr period) that modulate the astronomical so-
lutions and that are essential for understanding the chaotic
behavior of the solar system.
Key words: Milankovitch cycles – astronomical solution –
secular frequencies – solar system – planetary orbits – ec-
centricity – obliquity – precession – tidal evolution – chaotic
diffusion.
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4.1 Introduction

According to Milankovitch theory (Milankovitch, 1941), some
of the large climatic changes of the past originate from the
variations of the Earth’s orbit and of its spin axis result-
ing from the gravitational pull of the other planets and the
Moon. These variations can be traced over many million of
years (Myr) in the geological sedimentary record, although
the mechanisms that transfer the forcing insolation to the
sedimentary variations are not precisely known.

The recovery of astronomical signal in stratigraphic se-
quences have allowed local or global calibration of the strati-
graphic records, and cyclostratigraphy is now a very active
field of research. After the astronomical calibration of the

Neogene Period (Lourens et al, 2004; Hilgen et al, 2012), fo-
cus turned towards the entire Paleogene Period(e.g. Kuiper
et al, 2008; Westerhold et al, 2012, 2014, 2015; Boulila et al,
2018), covering the entire Cenozoic Era.

Extending this procedure through the Mesozoic Era and
beyond is difficult, as the solar system motion is chaotic
(Laskar, 1989, 1990). It is thus not possible to retrieve the
precise orbital motion of the planets beyond 60 Ma from their
present state (Laskar et al, 2011c). Nevertheless, the exis-
tence of a stable component in the astronomical forcing, the
405 kyr metronome (e.g Laskar et al, 2004) has allowed con-
tinuation of the astronomical calibration of geological time
deep into the Mesozoic Era and even into the Paleozoic Era
and the Precambrian.

Detailed compilations of currently available cyclostrati-
graphic records have been summarized recently (e.g. Hinnov
and Hilgen, 2012; Hinnov, 2018b; Huang, 2018) and we re-
fer to these. In the present chapter we will focus on the
astronomical solution, and especially on the long cycles of
these solutions, with the aim to answer some of the com-
mon questions that arise in the analysis of long sequences of
stratigraphic records.

4.1.1 Historical introduction

During the XVIIIth century, the question of the stability of
the solar system was of prime importance, as it was also nec-
essary to decide whether Newton’s law properly decribes the
motion of the celestial bodies (for details, refer to (Laskar,
2013)). A very important result from this quest was the
derivation of the first long term models for the solar system
orbital evolution. A first result, of fundamental importance
for cyclostratigraphy, is the demonstration, at first order of
the planetary masses, of the invariance of the semi-major axes
of the orbits of the planets (Laplace, 1776). This result is also
practically verified in the full, non approximated, system of
equations, with the major consequence that the orbital period
of the Earth does not change over time. One can thus assume
that the length of the year has practically not changed over
the past billion years1. By contrast, Lagrange and Laplace
found that in the linear approximation of the averaged equa-
tions of motion, the eccentricity, inclination, and orientation
of the orbits change significantly with time, in a quasiperi-
odic manner with frequencies of several tens of kyr to Myr,
but in a way that does not allow for planetary collisions (La-
grange, 1778; Laplace, 1775)2; The first full computation of
the long term motion of the Earth’s orbit is due to Lagrange
at the end of the XVIIIth century (Lagrange, 1783, 1784).
Of course, the solution of Lagrange only includes the planets

1The relative loss of the mass of the Sun is of about 9× 10−14/yr.
Using the conservation of angular momentum and Kepler third law,
one can deduce that the mass loss of the sun induces an increase of
9× 10−5 AU in the Earth semi-major axis, and a decrease of only 1.5h
in the orbital period of the Earth over 1 Ga.

2Laplace’s work was largely inspired by Lagrange’s manuscript which
was submitted in 1774 (see Laskar, 2013).



 0
 0.01
 0.02
 0.03
 0.04
 0.05
 0.06
 0.07
 0.08

 0  0.2  0.4  0.6  0.8  1

ec
c

time (Ma) before present

LAGR
LEV
STO

BR74
La93

La2004

 0
 0.01
 0.02
 0.03
 0.04
 0.05
 0.06
 0.07
 0.08

 1  1.2  1.4  1.6  1.8  2

ec
c

time (Ma) before present

BR74
La93

La2004

Figure 1: Improvements in the computation of the past evolution of the Earth’s eccentricity. LAGR is the first secular solution for the solar
system, with only 6 planets (Lagrange, 1783, 1784); Uranus was added in LEV (Le Verrier, 1840), and Neptune in STO (Stockwell, 1873); BR74
(Bretagnon, 1974) added some terms of order 2 with respect to the masses and degree 4 in eccentricity and inclination. La93 (Laskar, 1988,
1990; Laskar et al, 1993a) is a numerical solution of the averaged equations that contains all terms up to order 2 with respect to the masses and
degree 6 in eccentricity and inclination, the contribution of the Moon and general relativity. La04 (Laskar et al, 2004) is a numerical integration
of the full equations of motion.

visible to naked eye (Mercury, Venus, Earth, Mars, Jupiter,
and Saturn) but it already provides a very accurate repre-
sentation of the Earth’s orbital motion over the past million
years. In Lagrange’s solution, all the main features of the
variation of the Earth’s orbital elements are present, but it
was only after the work of Agassiz (1840), showing evidence
of past ice ages, and the new solution of Le Verrier, includ-
ing Uranus (Le Verrier, 1840, 1841, 1856) that it was advo-
cated that the variations of the Earth’s orbit could trigger the
large climatic variations of the past (Croll, 1875)(see (Hilgen,
2010) for more historical details). The orbital solution was
upgraded by Stockwell (1873) who added the contribution of
Neptune (Fig.1). This latest orbital solution was used by Pil-
grim (1904) for the computation of the variation of the Earth
spin axis evolution. Nevertheless, in his theory of the insola-
tion of the Earth, (Milankovitch, 1941) considered that the
solution of (Le Verrier, 1856) was more reliable, and asked
to his colleague Mǐskovič to update Le Verrier’s solution for
the new values of the planetary masses, and to use it for the
computation of the orientation of the spin axis of the Earth
with respect to its orbit. After comparison to the solution
of (Stockwell, 1873; Pilgrim, 1904) Milankovitch decided to
limit his insolation computations to the most recent 600 000

years.

With the use of computers, it was possible to extend these
analytical computations significantly. The solution of (Bre-
tagnon, 1974) for the solar system comprises 318 periodic
terms while the secular system of (Laskar, 1988, 1990; Laskar
et al, 1993a) contains 153824 terms, including the averaged
contribution of the Moon and general relativity. Nevertheless,
these analytical perturbative methodes always require some
truncation in series expansions and thus have some limita-
tion in precision. With the improvement in computer speed
and numerical integration algorithms, it is now possible to
directly integrate the equations of motion, as in the La2004
solution (Laskar et al, 2004).

When comparing the various solutions that have been
used in stratigraphic astrochronology (Fig.1a) it appears that
although Lagrange solution is somewhat off in the first 500
000 years, it already provides a good measure of the qual-
itative behavior of the Earth’s orbital solution. The other
solutions are in quite good agreement over the first 600 000
years, but begin to depart from one another after this date.
On the contrary the semi analytical solution La93 (Laskar,
1988, 1990; Laskar et al, 1993a) is a perfect match to the full
numerical solution La2004 (Laskar et al, 2004) over the most
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recent 2 Myr (and even over the last 10 Myr (see Laskar et al,
2004)). Starting with La93, the orbital solution can thus be
considered as perfectly known over the last few Myr. The
evolution of the precision of the solutions is particularly strik-
ing beyond 1.5 Ma (Fig.1b). The difference is very large with
respect to the solution of (Bretagnon, 1974; Berger, 1978),
but insignificant with respect to the more recent La2004.

4.1.2 The astronomical solution

Due to the gravitational interactions of the planets, the
Earth’s orbit and spin axis present significant variations in
time. The orbit precesses slowly on its plane (Fig.2), the
plane of the orbit precess in space and the equator precess
around the normal to the orbit (Fig.3). This slow precession
motion of the planetary orbits is described by a combination
of periodic modes related to the precession of the perihelions
with fundamental secular frequencies gi (i = 1, 2, . . . , 8), and
precession of the orbital planes in space with fundamental
secular frequencies si (i = 1, 2, . . . , 8) (Tab.1). In addition,
the eccentricity of the orbit and the inclination with respect
to the fixed reference frame oscillates with the same frequen-
cies. In the precessing motion of the spin axis enters an
additional frequency, the precession frequency p.

4.2 Eccentricity

The eccentricity of the Earth e is a measure of the shape
of its orbit (Fig.2). At perihelion, the Sun-Earth distance
(SE) is a(1 − e) and a(1 + e) at aphelion. The insolation
on the surface of the planet is I = I0/r

2, where I0 is the
insolation at 1 au3, and r = SE the Sun-Earth distance.
When averaged over the year, i.e. over the orbital period, we
find the average annual insolation

IM =
I0

a2
√

1− e2
.

As the semi-major axis a is constant, IM depends only on
the eccentricity which varies from 0 to about 0.06 over 10
Ma. The relative variation of IM is thus 1.8× 10−5 which is
very small. By contrast, the ratio of insolation at perihelion
versus aphelion is

ρI =

(
1 + e

1− e

)2

which amounts to 1.27 at maximum eccentricity e = 0.06.
Averaging over the Earth surface, and using a simple radia-
tive model, this relation translates into a relative variation
of temperature of a planet δT , from perihelion to aphelion,
considered as a black body, as

δT

T
≈ e

3astronomical unit

Figure 2: The eccentricity e is the ratio of the distance between the
two focus of the ellipse (SS′) and the major axis of the ellipse (2a). At
perihelion, the Earth-Sun distance is a(1 − e); at aphelion it becomes
a(1 + e). The horizontal line is the direction of the ascending node
(Fig.3).

where T is the temperature expressed in Kelvin. Considering
an average temperature of T = 285 K (14.85◦C), we obtain
δT = 4.8 K for the present eccentricity (e = 0.0167), and
δT = 17.1K for e = 0.06. These simple examples are quoted
here to emphasise how the eccentricity can modulate the
seasonal insolation. For more complete models, one can refer
to (Paillard, 1998, 2001; Bosmans et al, 2014).

4.2.1 Decomposition of the eccentricity

The eccentricity signal is one of the major targets for strati-
graphic studies, especially for older times, before the Neo-
gene Period. It is thus important to understand the main
components of the eccentricity signal. The decomposition
of this signal in term of fundamental frequencies is given in
Table 2. In this decomposition, all of the terms are recog-
nized as combinations of the fundamental secular frequencies
(Tab.1). More precisely, most terms are differences of two gi
except µ9 = g2 − g5 − (g4 − g3). Indeed, all combinations
of frequencies in the periodic decomposition of the eccentric-
ity are of the form µ =

∑
i kigi with

∑
i ki = 0. This can

be easily understood when one realizes that the important
variable in the dynamical evolution of the solar system is not
the eccentricity (e), but the complex variable z = e exp(i$)
where $ = Ω + ω. As shown in figures 2, 3, ω is the ar-
gument of perihelion, and Ω the longitude of the ascending
node. This was already know to Lagrange who set up the
proper form for the computation of the long term evolution
of the solar system (Lagrange, 1778). This system reduces
to a simple linear system of differential equation with con-
stant coefficients, which is now classically studied in the first
years of university. In this linear solution, that we will call the
Lagrange-Laplace solution, each variable zi is expressed as a
sum zi =

∑N
k=1 aik exp(i(gkt+θik)), where N is the number

of planets of the considered system ( here N = 8) and gk
are the fundamental frequencies. When one consider a more
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Figure 3: Earth angular parameters. The instantaneous orbital plane
of the Earth, the ecliptic of date, is referred with respect to a fixed
reference frame (mean ecliptic J2000 in La2004 (Laskar et al, 2004);
invariant plane in La2010 (Laskar et al, 2011a)), with a fixed origin
γ0 (equinox J2000 in La2004). The ecliptic of date is defined by the
longitude of the ascending node Ω, and the inclination i. The argument
of perihelion ω is the angle from the line of node SN to the perihelion,
and the true anomaly v the angle from perihelion to the position of the
Earth. The equinox of date γ is the intersection of the equator with
the ecliptic of date. The spin axis of the Earth is directed towards the
North pole (NP ) and ϕ is the spin angle. The obliquity ε is the angle
from the normal to the ecliptic of date (n) to the spin axis (NP ). The
precession angle ψ describes the motion of the spin axis of the Earth
around n. The longitude of perihelion $ is the sum of the longitude
of the node Ω and of the argument of perihelion ω ($ = Ω + ω). It
should be noted that the two angles Ω, ω, are not in the same plane.

Table 1: Main secular frequencies gi and si of La2004 and La2010a
in arcsec yr−1. ∆100 are the observed variations, in arcsec yr−1, of
the frequencies over 100 Myr (Laskar et al, 2011a). The periods of the
secular term are given in the last column.

La2004 La2010a ∆100 period (yr)
g1 5.59 5.59 0.13 231 843
g2 7.452 7.453 0.019 173 913
g3 17.368 17.368 0.20 74 620
g4 17.916 17.916 0.20 72 338
g5 4.257452 4.257482 0.000030 304 407
g6 28.2450 28.2449 0.0010 45 884
g7 3.087951 3.087946 0.000034 419 696
g8 0.673021 0.673019 0.000015 1 925 646
s1 −5.59 -5.61 0.15 231 843
s2 −7.05 -7.06 0.19 183 830
s3 −18.850 -18.848 0.066 68 753
s4 −17.755 -17.751 0.064 72 994
s5 0 0
s6 −26.347855 -26.347841 0.000076 49 188
s7 −2.9925259 -2.9925258 0.000025 433 079
s8 −0.691736 -0.691740 0.000010 1 873 547

Table 2: First 10 terms (in decreasing amplitude) of the fre-
quency decomposition of the Earth’s eccentricity over the time in-
terval [−15,+5] Myr. The eccentricity e can be expressed as e =

e0 +
∑10

k=1
bk cos(µk t + ηk) with e0 = 0.0275579. Col. 2 lists the

corresponding combination of frequencies where gi are the fundamental
frequencies (Table 1) (adapted from Laskar et al, 2004).

k µk P bk
(”/yr) (kyr) ×104

1 g2 − g5 3.200 405 107
2 g4 − g5 13.652 95 81
3 g4 − g2 10.456 124 62
4 g3 − g5 13.110 99 53
5 g3 − g2 9.910 131 45
6 g4 − g3 0.546 2373 30
7 g1 − g5 1.326 978 28
8 g4 − g1 12.325 105 21
9 g2 − g5 − (g4 − g3) 2.665 486 20

10 g2 − g1 1.884 688 18

Table 3: The 5 leading terms in the frequency decomposition of the
complex eccentricity variable z = e exp i$ for the Earth over the time
interval [−15,+5] Myr (Laskar et al, 2004) (z =

∑
k
bk exp(igkt+θk)).

n gk k gk (”/yr) bk θk (degree)
1 g5 5 4.257 0.0189 30.7
2 g2 2 7.457 0.0163 −157.8
3 g4 4 17.910 0.0130 140.6
4 g3 3 17.367 0.0088 −55.9
5 g1 1 5.579 0.0042 77.1

complex model, not limited to the linear secular approxima-
tion, the decomposition of zi is more complex (e.g. Laskar
et al, 2004), but the main terms of the solution will still be
those corresponding to the Lagrange-Laplace solution, and a
large understanding can be gained by considering only these
terms.

Let us thus consider the 5 leading terms of z = e exp i$
the complex eccentricity of the Earth (Tab.3) extracted from
Table 4 of (Laskar et al, 2004). We can construct a solution

based only on these 5 terms, z(5) =
∑5
k=1 bk exp(igkt +

θk). As this solution is composed of only 5 periodic terms,
the frequency decomposition of the eccentricity e(5) =

∣∣z(5)∣∣
is more straightforward and is provided in Table 4. In the
first column, k is the index of the term in the frequency
decomposition (by decreasing amplitude) of e(5), and k′ the
rank of the same term in the decomposition of the full Earth
eccentricity (Tab.2 and Table 6 from (Laskar et al, 2004)). It
is important to note that all 10 leading terms of the Earth’s
eccentricity can be explained by only the first 5 terms of z3.
In section 4.2.3, we will discuss further the outcome of the
decomposition of Table 4 in the observed aspects of the Earth
eccentricity solution, and their possible manifestations in the
geological data. Before, it is instructive to understand the
mathematical origin of the periodic terms involved in Table
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Figure 4: Fourier transform (FFT) of the La2004 eccentricity solution over 33 Myr (top) and Fourier transform of the solution e(5) limited
to the 5 main linear terms of z (Tab.3). For e(5), all the terms can be easily identified, and their corresponding combination of frequencies are
reported in the figure (see also Table 4). The periods of the corresponding terms are displayed (in kyr) in the top figure. Frequencies are expressed
in arcsec/yr (”/yr): 1 ”/yr = 0.7716 cycle/Myr.

Table 4: First 13 periodic terms (in decreasing amplitude) of the

frequency decomposition of e(5) =
∣∣z(5)∣∣, when z(5) is limited to the

first 5 linear terms of z (Tab.2). e(5) = e0 +
∑13

k=1
b′k cos(µ′k t+ θ′k)

with e0 = 0.0269. k is the rank of the term by decreasing amplitude
in e(5), while k′ is the rank of the same term in e (Tab.2). In col. 3 is
the corresponding combination of frequencies. gi are the fundamental
frequencies (Table 1).

k k′ µ′k P (kyr) b′k
(”/yr) (kyr) ×104

1 1 g2 − g5 3.200 405 109
2 2 g4 − g5 13.653 95 82
3 3 g4 − g2 10.453 124 66
4 4 g3 − g5 13.110 99 53
5 5 g3 − g2 9.910 131 44
6 6 g4 − g3 0.543 2387 35
7 7 g1 − g5 1.322 980 25
8 10 g2 − g1 1.878 690 21
9 8 g4 − g1 12.331 105 16

10 12 g2 + g4 − 2g5 16.853 77 16
11 18 g3 + g4 − g2 − g5 23.563 55 13
12 9 g2 − g5 − (g4 − g3) 2.657 488 13
13 20 g2 − g5 + (g4 − g3) 3.743 346 13

4.

4.2.2 Mathematical intermezzo

Let consider

z =

N∑
k=1

ak exp(i(gkt+ θk))

z =

N∑
k=1

ak exp(iπk)

(1)

the expression of z = e exp(i$), where the amplitudes ak are
positive real numbers and πk = gkt+ θk. The eccentricity e
is then e =

√
zz̄, where z̄ is the complex conjugate of z, i.e.

z̄ =

N∑
k=1

ak exp(−iπk) . (2)

We have

zz̄ = e2 =
∑
k,l

akal exp(i(πk − πl))

=
∑
k

a2k +
∑
k 6=l

akal exp(i(πk − πl)) .
(3)

We see that the arguments that appear are differences πk −
πl = (gk−gl)t+(θk−θl) with frequencies gk−gl, involving
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all fundamental frequencies gi. But this is e2, and not e.
With e20 =

∑
k a

2
k, we have

e2 = e20(1 +X) (4)

with
X =

∑
k 6=l

akal exp(i(πk − πl)) (5)

and thus, assuming that X is small with respect to 1, and
expanding up to second order in X,

e = e0
√

1 +X = e0(1 +
1

2
X −

1

8
X2 +O(X3)) . (6)

Thus X will involve differences of two frequencies gk − gl
(Eq.5) as terms 1−9 of Table 4, but the terms of the X2 part
will be sums of two differences πk − πl. These will be terms
of order 4, involving 4 fundamental frequencies gi, as terms
10−13 of Table 4. It is also interesting to note that the phase
of these terms will be opposite to the equivalent combination
of arguments, because of the minus sign in (Eq.6).

Now we can return to the simple example of e(5) =
∣∣z(5)∣∣.

z(5) has only 5 periodic components. As demonstrated
above, e(5) will contain only harmonics of even order, sum
of terms of the form gk − gl (Tab.4). Indeed, this is well
revealed by the spectral analysis of e(5) (Fig.4). For this sim-
ple model, all periodic terms are easily identified, and can
then be related to the corresponding term of the full eccen-
tricity e3 (Fig.4 (top)). It is thus remarkable that the most
important features of the eccentricity solution of the Earth
are provided by the simple model z(5) (Tab.4).

It should be noted that the largest periodic component
of the eccentricity is the 405 kyr term g2 − g5. This term is
fundamental in cyclostratigraphy as its period is very stable
and can thus be used as a metronome for the establishment
of local and global time scales (Olsen, 1986; Laskar, 1999;
Laskar et al, 2004, 2011b; Boulila et al, 2008; Hinnov and
Hilgen, 2012; Kent et al, 2018; Hinnov, 2018a; Huang, 2018).

4.2.3 Eccentricity modulations

Due to the importance of the 405 kyr mode (g2 − g5) it is
important to filter the data to retrieve its 405 kyr component.
From figure 4, it is clear that the g2 − g5 mode does not
occur in isolation, but is surrounded by two nearby peaks,
corresponding to g2− g5− (g4− g3) and g2− g5 + (g4− g3)
(reps. 488 kyr and 346 kyr period). These side terms produce
a modulation of the 405 kyr component eb with frequency
g4 − g3 (Fig.5b). As the g4 − g3 term also appears in the
eccentricity, the g4 − g3 mode can also be directly retrieved
by filtering the eccentricity in the [0 : 1.1] ”/yr intervall (ea)
(Fig.5a). By superposing ea with the envelope êb of the 405
kyr component eb, one can see that ea is almost identical,
although in opposite phase to êb (Fig.5) (see also Laskar et al,
2011b).
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Figure 5: Filtered eccentricity of the La2010a solution (Laskar et al,
2011b). The filtered solutions are shifted in order to be plotted on
the same graph. (a) ea is the filtered eccentricity in the [0, 1.1] ”/yr
( period > 1.18 Myr) band (+0.03) (in red). (b) eb is filtered in the
[2.2, 4.3]”/yr ([301, 589] kyr period) band (in purple) . (c) ec is filtered
in the [9.3, 11]”/yr ([139, 118] kyr period) band (−0.03) (in green) . (d)
ed is filtered in the [12.6, 14.5]”/yr ([103, 89] kyr period) band (−0.06)
(in blue). The upper envelopes of eb, ec, ed, respectively êb, êc, êd are
plotted in red. The thin black curve is the (ea) curve, shifted in order
to compare to the envelopes êb, êc, êd of eb, ec, ed. (ea) nearly coincide
with êc, êd and is phase opposite to the êb. See the text for discussion.
(see also Laskar et al, 2011b).

The g4−g3 modulation appears also in the high frequency
(∼ 100 kyr) eccentricity terms. These main terms appear
(Fig.4) in two sets :(g3 − g2, g4 − g2) and (g3 − g5, g4 −
g5). These components will both modulate with a g4 − g3
frequency (Fig.5c,d). In this case, the modulation envelopes
êc, êd are similar, and in phase with g4 − g3 (ea).

We can explain this using our simple 5 term model. Let us
consider the filtered eccentricity ec in the [9.3, 11]”/yr band.
We will have

ec = a exp(i(π3 − π2)) + a′ exp(i(π4 − π2)) , (7)

where a, a′ are both positive (Eq.6). Thus

ec = [a+ a′ exp(i(π4 − π3))] exp(i(π3 − π2)) , (8)

and as a’ is positive, the slow modulation a′ exp(i(π4 − π3)
appears with the same phase as ea. This is be the same for
ed (Fig.5d), and for all order 2 couples g3 − gj , g4 − gj , as
for example (g3 − g1, g4 − g1, Fig.4). Now let us consider
the modulation of the 405 kyr term, eb this term involves 3
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components in its simple approximation (Eq.6) :

eb = a exp(i(π2 − π5))− b exp(i((π2 − π5)− (π4 − π3)))

− b′ exp(i((π2 − π5) + (π4 − π3)))

= exp(i(π2 − π5))×

[a− b exp(−i(π4 − π3))− b′ exp(i(π4 − π3)))],
(9)

where a, b, b′ are positive. We have now a minus sign before
b and b′ (−1/8X2 in Eq.6). This induces a modulation of
eb with frequency g4 − g3, but due to these minus signs,
it will be in opposite phase with respect to ea. Indeed, if
instead of the eccentricity, expanded as 1 + 1/2X − 1/8X2

(Eq.6), we consider a fictitious eccentricity like expression
1 + 1/2X + 1/8X2, with the opposite sign in the terms X2

of 4th order4, then the modulation in the 405 kyr band of
this fictitious eccentricity is in phase with g4 − g3.

4.3 Chaos in the solar system

Since the first semi-analytical long-term solutions of (Laskar,
1988, 1990; Laskar et al, 1993a), it becomes possible to com-
pute reliable orbital solutions starting from the present initial
conditions (sec. 4.1.1). This was confirmed later on by di-
rect numerical integrations (Quinn et al, 1991; Laskar et al,
1992, 2004). It was previously thought that the progress of
computers and of observational techniques would result in
an astronomical solution with higher precision, so that time
validity could be extended steadily both in the future and in
the past as envisioned by Laplace (1812). But the discovery
of the chaoticity of the orbital motion of the solar system
put an end to this hope (Laskar, 1989, 1990). Indeed, the
uncertainty in the solutions grows exponentially, by a factor
of 10 every 10 Myr (Laskar, 1989). More recently, it was
shown that the motion of the minor planets Ceres and Vesta
is itself chaotic, on much shorter timescales than the plan-
ets. Due to the perturbation of these celestial bodies on the
planets, the possibility for constructing a precise orbital so-
lution for the planets of the solar system from their present
state is limited to about 60 Myr (Laskar et al, 2011c). Thus,
the use of the Earth’s eccentricity solution as a template
for cyclostratigraphy will suffer the same limitation. In fig-
ure 6, 5 eccentricity solutions are plotted over 60 Myr into
the past (only 2 Myr slices are plotted every 10 Myr). The
La2004 model (Laskar et al, 2004) is widely used, and has
been demonstrated to be precise for the past 40 Myr (Laskar
et al, 2011b). The La2010a and La2010d solutions are im-
proved versions, with a model including the five major aster-
oids (Ceres, Vesta, Pallas, Iris and Bamberga). Their initial
conditions were obtained using a fit to a 1 Myr long high pre-
cision planetary ephemerides INPOP (Laskar et al, 2011b).
La2010a is adjusted to INPOP08 (Fienga et al, 2009) and

4X is of second order in the gi (Eq.5)
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Figure 6: Evolution of four eccentricity solutions over 60 Myr in the
past. For clarity, only 2 Myr slices are plotted, every 10 Myr. La2004
(Laskar et al, 2004), La2010a, La2010d (Laskar et al, 2011b), La2011
(Laskar et al, 2011c).

La2010d to INPOP06 (Fienga et al, 2008). As it was real-
ized that INPOP06 is more accurate than INPOP08 (Fienga
et al, 2011), La2010d should be preferred to La2010a, which
is in agreement with the comparison to the updated version
La2011 (Laskar et al, 2011c) that is adjusted to INPOP10a
(Fienga et al, 2011). This was also confirmed through com-
parison with geological data (e.g. Boulila et al, 2012; West-
erhold et al, 2012).

4.3.1 Drifting frequencies

Another expression of this chaotic motion is the fact that
the main frequencies of the system (Tab.1) are not constant
but can drift in a significant way (Laskar, 1990; Laskar et al,
2004), even if the system is largely conservative, with minor
dissipation5. These variations are summarised in col ∆100 of
(Tab.1) which represents the variation of the different funda-
mental frequencies observed over 100 Myr. As was already

5This is not the case for the rotational motion of the Earth which is
subject to tidal dissipation in the Earth-Moon system
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described in (Laskar, 1990) these variations depends largely
on the involved planets. Indeed, the chaos is not evenly dis-
tributed among the planets. The frequencies related to the
outer solar system (g5, g6, g7, g8, s6, s7, s8) are nearly con-
stant over the age of the solar system, and reflects the mostly
regular behavior of the outer solar system (Jupiter, Saturn,
Uranus, Neptune)6. By contrast, the frequencies related to
the inner planets, (g1, g2, g3, g4, s1, s2, s3, s4) undergo sig-
nificant variations, with some differences in their unstability.
They can be put in three classes, depending their ∆100 value
(Tab.1) :

• unstable frequencies : g1, g3, g4, s1, s2

• moderately unstable frequencies : s3, s4

• nearly stable frequencies : g2

This last frequency is of particular interest as it con-
tributes to the g2 − g5 term of 405 kyr period which is the
largest term of the eccentricity signal (Tab.2). Despite the
chaotic motion of the solar system, this term can thus be used
as a metronome for the time calibration of the stratigraphic
record in the Mesozoic and beyond.

4.3.2 The 405 kyr g2 − g5 metronome
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Figure 7: Differences (in radians) of the argument θg2−g5 (t) of g2 −
g5 in all solutions La2004 (Laskar et al, 2004), La2010a,b,c,d (Laskar
et al, 2011b) with respect to the pure single frequency approximation
θ405(t) = 3.200” t, where t is in yr (adapted from Laskar et al, 2011b).

The main periodic component of the Earth’s eccentricity
is the 405 kyr g2− g5 term (Tab.2). The value of g5 is prac-
tically constant, and g2 presents only small chaotic diffusion
(Tab.1). This component can thus be approximated by a
single periodic term which gives an approximate eccentricity,
including the constant term, expressed in a very simple form

6As a rule of thumb, one can consider that 1”/yr corresponds to
a period of 1 Myr (1.296 Myr exactly). A variation of 0.001”/yr will
make an offset of 2π after 1 Gyr. More precisely, 1”/yr = 0.77× 10−6

cycles/yr.

(Laskar et al, 2004)

e405 = 0.027558− 0.010739 cos(2434′′ + 3.200′′ t) . (10)

This expression was established by a fit to La2004, but with
the improved solutions of (Laskar et al, 2011b), it appears
that there was no need to change this formulation (Fig.7).
One needs indeed to remember that beyond 60 Ma, as it is
obvious from figure 7, the drift in frequencies becomes appar-
ent, and cannot be predicted only by the celestial mechanics
computation. But this unknown drift is small, and amount to
less than one period over 250 Myr (Fig.7), that is about 405
kyr over 250 Myr (∼ 1.6 ‰). This is better than most ra-
dioisitopic determinations (e.g. Fig.1.4 from Gradstein et al,
2012). Equation (10) can thus be used for cyclostratigraphic
tuning over the whole Mesozoic and beyond. The stability
of this 405 kyr term was recently confirmed by precise U–Pb
zircon dates at 210-215 Ma (Kent et al, 2018). In an equiv-
alent way, one can use the following formula, expressed in
radians

e405 = 0.027558− 0.010739 cos(0.0118 + 2π
t

405000
) (11)

where t is in years and counted negatively in the past.
In figure 8, e405 is plotted on selected time intervals over

250 Myr. It is compared with the filtered eccentricity in
the [2.2, 4.3]”/yr ([301, 589] kyr period) band for four re-
cent solutions La2004 (Laskar et al, 2004), La2010a, La2010d
(Laskar et al, 2011b), La2011 (Laskar et al, 2011c). It should
be noted that these filtered solutions, as in figure 5b, include
the side terms that induce a g4−g3 modulation of the g2−g5
component, which is why, even in the most recent time, the
amplitude of the filtered eccentricity does not strictly match
the purely periodic e405 solution (Eq.10). Beyond 55 Ma,
there is also some phase shift, but this is expected, due to
the uncertainty of the behaviour of the g2− g5 mode beyond
60 Ma (Fig.7). Even at 250 Ma, the phase shift is less than
half a period, below the above quoted ∼ 1.6 ‰ uncertainty.

Warning: For stratigraphic calibration purposes, it is in
general not recommended to use the filtered eccentricity so-
lutions beyond 40 Ma for La2004 and 50 Ma for La2010,
La2011, as beyond this age, their behavior is not consistent.
Moreover, by tuning to this filtered eccentricity, one intro-
duces in the tuning additional harmonic components that
will not help afterwards to discriminate the true astronom-
ical signal embedded in the record from the forced compo-
nent introduced in the tuning. It is thus recommended to
use only a pure cosine function as (Eq.10). Moreover, up
to now, there is no reason to depart from the computed
3.200”/yr frequency (405 000 yr period) that was confirmed
by radioisotipic dating (Kent et al, 2018). If the improve-
ment of radioisotipic measures provides more precise time
constraints in the future, then it will be possible to improve
a tuning target by providing either a slightly different value
for the e405 frequency, or even a varying frequency for this
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Figure 8: The 405 kyr g2−g5 component. In black is plotted e405, the
single frequency periodic term provided by equation (10). The colored
curves correspond to four different eccentricity solutions La2004 (Laskar
et al, 2004), La2010a, La2010d (Laskar et al, 2011b), La2011 (Laskar
et al, 2011c). Each solution is filtered in the [2.2, 4.3]”/yr ([301, 589]
kyr period) band, and thus includes the modulation by the g4 − g3
component (Fig.5b).

term (Fu and Laskar, 2019). Such improvement is more than
welcome, but meanwhile, one should stick to the constant
3.200”/yr frequency. By contrast, for ages that are within
the validity time of the solution, that is 40 Ma for La2004,
and 50 Ma for La2010,and La2011, one can use the full ec-
centricity solution, as well as the derived filtered eccentricity
(Fig.5b).

4.3.3 The g4 − g3 2.4 Myr cycle

The g2 fundamental frequency is the most stable, not consid-
ering the outer planets ones. This led to the recognition of
the g2− g5 metronome. By contrast, g3 and g4 are the most
unstable frequencies (Tab.1). Moreover, we have seen the
important role of the g4−g3 2.4 Myr term in the eccentricity
(sec.4.2.3). g4 − g3 is the 6th term in amplitude in the ec-
centricity (Tab.2), but appears also as the main modulation
of the g2 − g5 405 kyr term and also as the modulation of
the ∼ 100 kyr terms in the eccentricity (Fig.5). However this

0 60 80 1004020
time (Ma)

0 60 80 1004020
time (Ma)

Figure 9: Top. Differences (in radians) of the argument of g4 − g3
in solutions La2004 (Laskar et al, 2004), La2010a,b,c,d (Laskar et al,
2011b) with respect to the linear evolution 2.664T , where T is in Myr.
Bottom. Differences (in radians) of the s4 − s35 argument in La2004,
La2010a,b,c,d with respect to the linear expression 2 × 2.664T , where
T is in Myr (adapted from Laskar et al, 2011b).

term cannot be used for time calibration, as its behaviour is
not stable, and its frequency, as for s4−s3 will evolve because
of the chaotic diffusion of the orbits (Fig.9). This modula-
tion has been recognized in sedimentary records of the Ceno-
zoic and Mesozoic eras (Olsen and Kent, 1999; Pälike et al,
2004; Boulila et al, 2014; Fang et al, 2015; Ma et al, 2017;
Westerhold et al, 2017), although in (Olsen and Kent, 1999),
the 405 kyr modulation was measured with a period of about
1.7 Myr, instead of the present 2.4 Myr value. The question
arises as to whether this difference could be the expression
of the chaotic diffusion of the solar system, and this was an-
swered positively in (Olsen et al, 2019). Indeed, in figure 10,
extracted from (Olsen et al, 2019), the period of the g4− g3
argument is plotted versus time for 13 different orbital solu-
tions. For the most recent 40 Myr, they all reveal the same
∼ 2.4 Myr period, but then they depart from each others due
to chaotic diffusion (Laskar, 1990; Laskar et al, 2004). The
green horizontal line represents the 1.7 Myr value observed
in the Newark-Hartford data (Olsen and Kent, 1999; Olsen
et al, 2019). This value is attained by many of the solutions,
and in particular by La2010d (in black) at roughly the same
200 Ma age. It can also be observed that the excursion of
the Pg4−g3 period is even larger, and can evolve across the
[1.4 : 2.6 Myr] period range during this time interval.

9



 1.4

 1.6

 1.8

 2

 2.2

 2.4

 2.6

 2.8

500 100 150 200  

  (
M

yr
)

 time (Ma)

Figure 10: Evolution of the period of the g4 − g3 argument for 13
orbital solutions over 250 Myr in the past. The horizontal line is the
1.7 Myr value observed in the Newark-Hartford data. The red curve
is La2004, and the black curve La2010d. Over the first 40 Myr, all
values are of ∼ 2.4 Myr, but they diverge after 50 Myr due to chaotic
diffusion. La2010d (black) has nearly the same value as the one found
in the Newark-Harford data around the same age (200−220 Ma) (Olsen
et al, 2019).

The prediction of the evolution of the actual path of the
Pg4−g3 period in the past cannot be retrieved by only con-
sidering the present planetary positions and computing their
past orbits using the laws of celestial mechanics. As in (Olsen
et al, 2019), we will have to rely on geological data to retrieve
this information. Recovering these long period cycles in the
geological data is in some sense recovering the planetary or-
bital motions through geological data beyond their horizon
of predictability.

4.4 Inclination and obliquity

The shape of the Earth’s orbit, regulated by the eccentricity,
is not the only important parameter for the computation of
the insolation on the Earth’s surface. The other main in-
gredient is the orientation of the Earth’s spin axis which is
regulated by the obliquity ε, the angle between the orbital
plane of the Earth and its equator, and the precession angle,
ψ, which describes the orientation of the spin angle in its
slow motion around the pole of the orbital plane, n (Fig.3).
Here we make the approximation that the spin axis is also
the axis of inertia of the Earth7.

The precession ψ and obliquity ε (Fig.3) equations for
the rigid Earth in the presence of planetary perturbations are
given by (Kinoshita, 1977; Laskar, 1986; Laskar et al, 1993b;

7The angle between the Earth’s spin axis and its axis of inertia is
less than 1”.

Néron De Surgy and Laskar, 1997; Laskar et al, 2004)
dX

dt
= L

√
1− X2

L2
(B(t) sinψ −A(t) cosψ)

dψ

dt
=
αX

L
− X

L
√

1− X2

L2

(A(t) sinψ + B(t) cosψ)− 2C(t)

(12)
With8 X = L cos ε, L = Cγ, where γ is the spin rate of the
Earth, A < B < C are the principal momentum of inertia of
the Earth, and

A(t) =
2√

1− p2 − q2
[q̇ + p(qṗ− pq̇)]

B(t) =
2√

1− p2 − q2
[ṗ− q(qṗ− pq̇)]

C(t) = qṗ− pq̇

(13)

where q = sin(i/2) cos Ω and p = sin(i/2) sin Ω, and
where α is the precession constant

α =
3G

2γ

[
m�

(a�
√

1− e�2)3
+

mM

(aM
√

1− eM 2)3
(1−

3

2
sin2 iM )

]
Ed

(14)

where � refers to the Sun, and M to the Moon. For a fast
rotating planet like the Earth, the dynamical ellipticity Ed =
(2C−A−B)/C can be considered as proportional to γ2 ; this
corresponds to the hydrostatic equilibrium (e.g. Lambeck,
1980). In this approximation, α is thus proportional to ω.
The quantities A(t), B(t) and C(t) are related to the secular
evolution of the orbital plane of the Earth and are given by
the integration of the planetary motions.

4.4.1 Simplified expressions

To understand the main terms that appear in the obliquity
and precession, it is useful to look to simplified expressions
of equation 12. Let us consider the case where there is no
dissipation in the rotation speed of the Earth (ω is constant)
and no planetary perturbations. The elliptical elements are
thus constant, and A = B = C = 0 in Eq.13. Equations 12
reduce then to

dcos ε

dt
= 0 i.e. ε = ε0 = Cte .

dψ

dt
= α cos ε0

(15)

The obliquity is then constant, and the precession angle ψ
evolves linearly with time at a constant angular speed of

8There is here a misprint in (Laskar et al, 2004). It should be read
as here X = L cos ε, and not X = cos ε.
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Table 5: First 8 terms ( in decreasing amplitude) of the frequency
decomposition of the Earth’s obliquity over the time interval [−20,−10]

Myr. ε = ε0 +
∑10

k=1
bk cos(νk t+ θk) with ε0 = 0.0275579. In col. 2

is the corresponding combination of frequencies. si are the fundamental
frequencies (Table 1); p is the precession frequency (p = 50.87435”/yr
in the center of the considered time interval.
k νk P bk

(”/yr) (kyr) ×104

1 p+ s3 32.026 40.5 49
2 p+ s4 33.144 39.1 19
3 p+ s4 − (g4 − g3) 32.582 39.8 15
4 p+ s6 24.527 52.8 14
5 p+ s3 − (g4 − g3) 31.475 41.2 9
6 p+ s2 43.815 29.6 8
7 32.213 40.2 7
8 p+ s1 45.244 28.6 6

α cos ε0. This is a zero order solution. We can go further
by reducing (Eq.12) to the first order terms. we obtain the
solution of order one,

dε

dt
= 2(ṗ sinψ − q̇ cosψ) = 2Re(ζ̇ exp(iψ)). (16)

where ζ = sin(i/2) exp(iΩ). With the quasiperiodic approx-
imation (e.g. Table 5 of Laskar et al, 2004),

ζ =

N∑
k=1

ak exp(i(νk t+ φk)) , (17)

the first order solution of the obliquity will be a similar
quasiperiodic function

ε = ε0 + 2

N∑
k=1

akνk

νk + p
cos((νk + p) t+ φk + ψ0) , (18)

The terms that appear in the obliquity have thus frequency
νk+p, where p is the precession frequency, and νk are the fre-
quencies of the inclination variables ζk = sin(ik/2) exp(iΩk)
(Fig.3). The amplitude of these terms are multiplied by
νk/(νk + p). High frequencies are thus favored (factor νk).
Amplitudes are also divided by νk+p, and resonance will oc-
cur when νk+p = 0. At present, p = 50.475838”/yr (Laskar
et al, 2004), but due to tidal dissipation in te Earth-Moon
system, p is not constant but evolves in time, as the spin rate
of the Earth and the Earth-Moon distance evolve.

4.4.2 Tidal evolution

The Lunar-Laser ranging measurements have taken place
since the Apollo and Lunokhod mission installed reflectors
on the Moon nearly fifty years ago, with an accuracy that
is now less than 2 cm (e.g. Viswanathan et al, 2018). This
allows us to monitor the present recession of the Moon, at a
rate of∼ 3.8 cm/year (Dickey et al, 1994; Laskar et al, 2004).
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Figure 11: Spectral analysis of the obliquity ε. The spectral analysis
is performed over the interval [10 : 20] Ma. The main peaks are recog-
nized as p + si, where si is one of the fundamental frequencies of the
inclination of the orbital plane (Tab.1). On top, the periods are given in
kyr. Two additional terms of higher order are given : p+ s3− (g4− g3)
and p + s4 − (g4 − g3) (see Table 5). Frequencies are expressed in
arcsec/yr (”/yr): 1 ”/yr = 0.7716 cycle/Myr.

Backward integration of the Earth-Moon system provides in-
terpolation formulae for the Earth-Moon distance (aM , in
Earth radius), the length of day (LOD, in hours) and the
precession constant (p, in arcseconds per year) as provided
in the La2004 solution (Laskar et al, 2004)

aM = 60.142611 + 6.100887T − 2.709407T 2

+ 1.366779T 3 − 1.484062T 4

LOD = 23.934468 + 7.432167T − 0.727046T 2

+ 0.409572T 3 − 0.589692T 4

p = 50.475838− 26.368583T + 21.890862T 2

(19)

where T is the time from the present (J2000), expressed in
Gyr and counted negatively in the past (Fig.12). These ex-
pressions have been established by a fit over 250 Myr, but
can be extrapolated over 500 Myr for a first estimate of the
past evolution of these quantities. It should nevertheless be
reminded that these expressions cannot be extrapolated over
the age of the solar system, and the past evolution of the
Earth-Moon system is still largely unknown. If one inte-
grates back the evolution of the Earth-Moon system, ow-
ing the present rheology parameters of the Earth, one finds
that the Moon hits the Earth at about 1.5 Gyr ago, which is
clearly not compatible with our understanding of the origin of
the Moon or history of the Earth (Gerstenkorn, 1969; Walker
and Zahnle, 1986). In order to reconcile this evolution with
the age of the Moon, one needs to assume that the present
tidal dissipation of the Earth is about three times its past
averaged value. This is possible, as the present tidal quality
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Figure 12: Past evolution of the Earth-Moon distance aM (top, in
Earth radius RE), of the Length of day (LOD) (middle, in hours),
and precession frequency p ( bottom, in arcsec/yr). These curves are
obtained using equations 19, which are extrapolated from the La2004
solution over 250 Myr (Laskar et al, 2004).

factor Q (∼ 11) is largely due to the dissipation in the shal-
low seas, and thus subject to change by a large amount with
the repartition of the continents (by comparison, for Mars,
Q ∼ 90). Moreover, the tidal response of the oceans strongly
depends on the rotation period of the Earth, and resonances
may occur that increase the tidal dissipation (Webb, 1980,
1982; Auclair-Desrotour et al, 2018). But the precise past
evolution of the Earth-Moon system will require some input
from the geological record.

There are numerous estimates of the past rotational state
of the Earth, obtained from various indicators such as bi-
valves, corals, stromatolites, or tidal deposits. These records
have been compiled in several publications (e.g. Lambeck,
1980; Williams, 2000) (Fig.13). It should nevertheless be
stressed that most of these data suffer from large uncertain-
ties that are not always estimated. It is certainly needed that
these data, or other equivalent data are re-analysed using
clear, updated, methodologies and procedures. All raw data
should further be made publicly available.

Tidal dissipation is also expressed in geological records by
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Figure 13: Length of day (LOD) evolution due to tidal dissipation in
the Earth-Moon system. Compilation of various data from (Williams,
2000) and references therein. The cyclostratigraphic data are from
(Meyers and Malinverno, 2018). The dotted red line is the LOD pro-
vided by equation 19 (Laskar et al, 2004). The dotted black line is an
empirical fit using a simplified tidal model adjusted to the geological
data (Walker and Zahnle, 1986; Lambeck, 1980; Berger and Loutre,
1994)

the shortening of the climatic precession and obliquity periods
back in time (Eq.19) (see also Berger et al, 1992; Berger
and Loutre, 1994). These climate forcing terms have been
recorded in sedimentary geological archives and associated
datasets (e.g. Zeeden et al, 2014; Meyers and Malinverno,
2018) (Fig.13). While this tidal dissipation effect can be seen
as a phase shift of the precession/obliquity cycle relative to a
solution assuming recent tidal dissipation rate in the Neogene
(Lourens et al, 2001; Zeeden et al, 2014), a shortening of
the precession and obliquity periods relative to the stable
eccentricity 405 kyr metronome is observed in Paleozoic and
Mesozoic datasets (e.g. Wu et al, 2013a; Boulila et al, 2014,
2019). Such datasets from the Mesozoic and Cenozoic could
be used to reconstruct the Earth’s precession and obliquity
periods in a quantitative manner, and it is desirable that
the analysis of such records will be continued in order to
improve the knowledge of the past evolution of the Earth-
Moon system.

In figure 13 is also plotted (in red dashed line) the com-
puted variation of the LOD as obtained by equation 19
(Laskar et al, 2004). It should be stressed that this curve has
not been fitted to the available geological data (Fig. 13), but
is obtained through the sole use of the Lunar Laser ranging
data over the past few decades.

In addition to the variations expressed in equations 19, the
tidal dissipation induces an average variation in the obliquity
itself which can be written as

ε = 23.270773 + 2.011295T (20)

where T is in billion of years (Laskar et al, 2004), counted
negatively in the past. The obliquity was thus smaller going
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back in time (see Fig.14 from Laskar et al, 2004). This
formula, obtained through a fit over 250 Myr, could also be
used over 500 Myr in the past, although as stated above,
large uncertainties remain, which can only be improved by
constraints provided by the geological record.

In addition to the tidal dissipation in the Earth-Moon sys-
tem, the variations of the Earth’s spin rate and orientation
can result from changes in the momentum of inertia of the
Earth. These can result from change in the ice load (e.g.
Laskar et al, 1993b; Levrard and Laskar, 2003) or plate tec-
tonics (e.g. Mitrovica et al, 1997; Morrow et al, 2012). The
problem with these effects is that their signature is not easy
to disentangle from that of tidal dissipation, as they will also
manifest themselves by a change in the precession rate (e.g.
Pälike and Shackleton, 2000; Lourens et al, 2001). Over Gyr
time scales, it may further be necessary to take into account
the mass loss of the sun which will affect also the orbital
secular frequencies (e.g. Spalding et al, 2018).

4.4.3 Obliquity solution

Due to the dissipation in the Earth-Moon system described
above, the analysis of the obliquity solution is complex. It is
nevertheless interesting to look to the main features of the
solution over a limited time of 20 Myr, where the dissipative
aspect is moderate (Fig.14). In figure 14, the obliquity ε is
plotted, as well as various filtered expressions ε1, ε2, ε3, fil-
tered over respectively [28:38], [23:38], [42:47] ”/yr. These
filtering intervals are dictated by the analysis of the Fourier
spectrum of the obliquity (Fig.11). The envelopes ε̂1, ε̂2, ε̂3
of these filtered obliquity solutions allows to extract the most
important components of the obliquity. In figure 14 are plot-
ted the FFT analysis of these envelopes ε̂1, ε̂2, ε̂3, of the fil-
tered obliquities ε1, ε2, ε3, with the identification of the main
terms.

As expected, the main term in these envelopes is related
to the s4 − s3 term, with a period of ∼ 1.2 Myr. This term
results from the beat of the p+s4 and p+s3 obliquity terms
(Fig.11 and Tab. 5). However other terms appear as well.
The term g4 − g3 is also present in the eccentricity solution
with a period of ∼ 2.4 Myr. This term results from both
the beat of the p+ s3 and p+ s3 − (g4 − g3) terms and the
p + s4 and p + s4 − (g4 − g3) terms (Fig.11 and Tab. 5).
Very important, is further the s3− s6 term, appearing as the
beat of p+ s6 with the main obliquity term p+ s3. Finally,
s1 − s2 appears as the beat of p+ s1 and p+ s2.

The important feature of all these spectral terms is that
they do not depend on the precession frequency p, but only
on the orbital solution with secular main frequencies gi, si.
These terms will thus not be affected by the strong variations
in p (Eq.19 and Fig.12).

Both s4 − s3 and s3 − s6 are of particular importance.
The first one because it is at present in resonance with the
modulation frequency of the eccentricity g4 − g3 (s4 − s3 =
2(g4−g3)). The second one, because s6 is a stable frequency
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Figure 14: Obliquity (ε) evolution (in degrees) over 20 Myr from
La2004 (Laskar et al, 2004) (top). ε1 is the filtered obliquity in the
window [28 : 38] ”/yr ([34.1:46.3] kyr periods) (in green). In red is
plotted the envelope ε̂1 of ε1. ε2 is the filtered obliquity in the wider
window [23 : 38] ”/yr ([34.1:56.3] kyr periods) (in green). In red is
plotted the envelope ε̂2 of ε2. ε3 is the filtered obliquity in the window
[42 : 47] ”/yr ([27.6:30.9] kyr periods) (in green). In red is plotted the
envelope ε̂1 of ε1. The vertical scale is the same for ε, ε1, ε2 and five
time larger for ε3.

and s3 a moderately stable frequency (sec.4.3.1). It is thus
possible to use the s3 − s6 inclination term as an additional
chronometer for stratigraphic tuning, with a period of 173
kyr.

4.4.4 The 173 kyr s3 − s6 metronome

The g2−g5 405 kyr metronome is a fundamental tool for es-
tablishing local or global timescales (see sec.4.3.2), but this
signal is not always present. Recently it has been demon-
strated that in some cases, the s3−s6 173 kyr cycle can also
be used as a metronome for the calibration of stratigraphic
sequences (Boulila et al, 2018; Charbonnier et al, 2018). This
cycle allows to calibrate obliquity dominated stratigraphic se-
quences.

This s3−s6 term, present in the modulation of the obliq-
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1 ”/yr = 0.7716 cycle/Myr.

uity (Figs.14, 15b) does not depend on the precession fre-
quency p and is quite stable in time (Fig.16). Only the vari-
ation of the orbital plane of the Earth is involved. We can
call this term the 173 kyr inclination metronome, analogous
to the 405 kyr g2 − g5 eccentricity metronome. The time
scale uncertainty associated to the inclination metronome is
of the order of 400 kyr over 100 Myr, That is about 0.4%.
But contrary to the eccentricity metronome, the inclination
metronome is not the largest term present in the obliquity,
and not even in the modulation of the obliquity. It is never-
theless quite isolated (Figs.15b) which explains why it can be
successfully used for stratigraphic calibration (Boulila et al,
2018; Charbonnier et al, 2018).

A good approximation for this cycle can be given by the
expression

εs3−s6(t) = 0.144 cos(404444′′ + 7.5′′ t) (21)

where t is in years, counted negatively in the past. The
angle is in arcseconds and should usually be converted to
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Figure 16: Stability of the s3 − s6 argument versus time. The varia-
tion of the argument is compared to a pure periodic term for the four
solutions La2004 (Laskar et al, 2004) La2010d (Laskar et al, 2011b)
La2011 (Laskar et al, 2011c) and the variant La421m that has been
made using initial conditions derived from a fit to DE421 (Folkner et al,
2009). (Laskar et al, 2004).

radians to compute the cosine. The frequency s3 − s6 has
been rounded to 7.5′′/yr as it is meaningless to use the exact
expression s3−s6 = 7.497855′′/yr obtained from Table 1 due
to the variability of s3. Alternatively, one can use the same
quantity expressed in radians and years (counted negatively
in the past).

εs3−s6(t) = 0.144 cos(1.961 + 2π
t

172800
) . (22)

4.5 Chaotic diffusion and secular resonances

The present solar system is characterised by the presence
of two main secular resonances (Laskar, 1990; Laskar et al,
1992; Laskar, 1992; Laskar et al, 2004, 2011b). This is ex-
pressed by a commensurability relation among the secular
main frequencies while the corresponding angular argument
is oscillating (we say it is in libration, like for the small os-
cillations of a pendulum), and not circulating (like a rigid
pendulum with large initial velocity). These two resonances
are

θ = 2(g4 − g3)− (s4− s3) (23)

and

σ = (g1 − g5)− (s1 − s2) . (24)

Both are important in the dynamics of the system, but
the first one draws particular attention as we have seen that
the 2.4 Myr g4 − g3 term is the main long term modulation
of the eccentricity (sec. 4.3.3). In the same way, the 1.2 Myr
s4 − s3 term is the largest modulation term of the obliquity
(Fig.14). These long period cycles have been soon recognized
in the geological record (e.g. Olsen and Kent, 1999; Shackle-
ton et al, 2000; Zachos et al, 2001; Pälike et al, 2001, 2004).

The argument ϕθ of θ = 2(g4 − g3) − (s4 − s3) is in
libration in all recent solutions up to nearly 50 Ma (Fig.17),
which seems to be consistent with the geological record (e.g.
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Figure 18: Evolution of the period Ps4−s3 of the s4 − s3 argument
versus the period Pg4−g3 of g4 − g3 for 13 orbital solutions over 250
Myr in the past. The vertical line is the 1.7 Myr value observed in
the Newark-Hartford data. The red curve is La2004, and the black
curve La2010d. The black line corresponds to the 2(g4 − g3) − (s4 −
s3) resonance. The red line corresponds to the (g4 − g3) − (s4 − s3)
resonance. The green dot is the origin of all solutions, corresponding to
the present date, where all solutions start in the 2(g4 − g3)− (s4 − s3)
resonance (adapted from Olsen et al, 2019).

Pälike et al, 2004). But over longer time intervals, it is most
probable that departure from the 2(g4−g3)−(s4−s3) occurs,
as what is observed in the numerical simulations (Fig.18). It
should be noted that observing a change in the Pg4−g3 period
only is not sufficient to conclude that the system exit the θ
resonance, as the two Pg4−g3 and Ps4−s3 periods can change,
but stay in the same 2 : 1 ratio, corresponding to the black
line of figure 18.

In the recent years, there has been an increasing interest

for the analysis of very long stratigraphic sequences and the
search of chaotic transition in the θ = 2(g4− g3)− (s4− s3)
secular resonance (e.g. Grippo et al, 2004; Huang et al, 2010;
Wu et al, 2013b; Ikeda and Tada, 2014; Fang et al, 2015; Ma
et al, 2017; Gambacorta et al, 2018; Ma et al, 2019). This
search is difficult, as it requires very long records of high
quality that are not very numerous. Some convincing results
are nevertheless obtained (e.g. Ma et al, 2017), and we can
expect that more will follow in the near future.

4.6 Discussion

Since GTS2004 (Gradstein et al, 2004) and the astronomi-
cal calibration of the Neogene (Lourens et al, 2004), huge
progress has been made in the analysis of stratigraphic
records, and the astronomical solutions are challenged to fol-
low this evolution. Starting from the present initial condi-
tions, despite a highly accurate fit to the most precise ob-
servational data, gathered from spacecraft orbiting around
the planets, the astronomical solution is limited to 60 Ma
(Laskar et al, 2011c) because of its chaotic behavior. Mean-
while, recent solutions are valid over about 50 Ma (Laskar
et al, 2011b). This is not sufficient to address the needs
for stratigraphic studies that have covered the Cenozoic and
are now being extended to cover the entire Mesozoic. This
extension, beyond the 60 Ma limit, is made possible by the
use of both the 405 kyr g2 − g5 eccentricity metronome and
the 173 kyr s3 − s6 inclination metronome (see secs.4.3.2
and 4.4.4). In order to go beyond the use of these pure pe-
riodic terms, it will be necessary to extend the astronomical
solutions, and this will only be made possible by using the
geological record as an input for constraining the astronomi-
cal solution. Encouraging results have been obtained in this
direction (Olsen et al, 2019; Zeebe and Lourens, 2019). In
the same way, the stratigraphic record can be used to con-
strain the past rotational evolution of the Earth (e.g. Meyers
and Malinverno, 2018), and it is most probable that similar
studies will help to decipher the past tidal evolution of the
Earth-Moon system in the near future. The search for chaotic
transitions in the 2(g4−g3)−(s4−s3) secular resonance is a
hunt that is shared by many, as well as analysis of other very
long periodic components. But in order to obtain convincing
results, the stratigraphic community needs to adopt rigor-
ous methods with open shared data, processing techniques
and protocols. It will be the price to switch from qualitative
analysis to quantitative results that can be cross compared
and used as input for the next generation of astronomical
solutions.
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Westerhold, T.; Röhl, U.; Frederichs, T.; Agnini, C.; Raffi, I.; Za-
chos, J.C.; and Wilkens, R.H., 2017: Astronomical Calibration of the
Ypresian Time Scale: Implications for Seafloor Spreading Rates and
the Chaotic Behaviour of the Solar System? Clim. Past Discuss.,
2017:1–34. doi:10.5194/cp-2017-15.
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Flower, B.P., 2001: Climate Response to Orbital Forcing Across
the Oligocene-Miocene Boundary. Science, 292(5515):274–278. doi:
10.1126/science.1058288.

Zeebe, R.E. and Lourens, Lucas, J., 2019: Solar system chaos and the
paleocene-eocene boundary age constrined by geology and astron-
omy. Science, 365(6456):926–929.
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